AR MODELING VIA LINEAR PREDICTION

e Linear prediction as a least squares problem

e Autocorrelation method

e Covariance method

e Modified covariance method

e Burg’'s method
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LINEAR PREDICTION OF DATA

x[n]
®
N ’
? ®
*—o—o *—o
0 N;-1 | n
ny ng
ap a,]l o
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LEAST SQUARES LINEAR PREDICTION

LINEAR PREDICTION EQUATION FOR DATA

[ X[n/] [ X[nr—1] X[nr—2] -+ X[n— P] - -
R[n; + 1] R A
X0 L [ —1) Xlne—2) o Xp—P) |

XQ Xrl 2

LEAST SQUARES FORMULATION

IS
—Xla’ = X0, a = —Xil_Xo
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YULE-WALKER EQUATIONS

The linear prediction equations can be written as

|
—Xla/:XO—G or Xg X1 [;,lzXaze
|

The Orthogonality Theorem can be expressed as
o *T o S

e e [0
X*l‘T 0

The combination of these produces

(XX )a — { S ] least squares

0 Yule-Walker
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METHODS OF LINEAR PREDICTION

x[n]

e “Autocorrelation” method: n;y=0; np=Ns+ P —1.

e “Covariance” method: ny=P; np= Ns—1.
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METHODS OF LINEAR PREDICTION (cont’d.)

EQUATION FOR PREDICTION ERROR

| cln] _ﬁm]jt 1] i{ml_ v i{m_it 1] | [1
n n ny — 1
:e[n[—l—l] _ : ! : ! : ! ai
Ll b Ixin] Xine—1] o Xne—P]
€ X

LEAST SQUARES YULE-WALKER EQUATIONS

(X*TX)a = [ ‘3 ] where S = min ||e||2
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COMPARISON OF DATA MATRICES

AUTOCORRELATION
METHOD: MATRIX X

[ X[O]
X[1]

X[

0

| O

o)
X[0]

X(P—1]

X[No—1] X[Ne—2] -
X[N,—1] ---

0

e 0
-0

.~ (o]

;([NS—P—l]
X[ N, — P]

XN 1]

COVARIANCE
METHOD: MATRIX X

[ X[P] X[P—1] --- X[O]

_;([Ns—l] X[No—2] --- ;([NS—P—l]_
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COMPARISON OF METHODS

AUTOCORRELATION METHOD

e Correlation matrix X*I'X is Toeplitz

e Filter guaranteed to be minimum-phase

COVARIANCE METHOD

e Generally a lower average prediction error

e AR model could be unstable
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BACKWARD LINEAR PREDICTION

x[n]

L

- lal ttap

- -~ b
e Leads to equations & = Xa* and (X*TX)a* = {‘g ]
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MODIFIED COVARIANCE METHOD

e Minimizes the sum of forward and backward squared errors.

e L eads to least squares Yule-Walker equations of the form

ST

(X*TX + XTX*) a = { o

where S7? is the sum of forward and backward squared errors.
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MODIFIED COVARIANCE METHOD (cont’d.)

This method seeks to minimize

Ng—1
S =3 (leln]? + [b[n]2) = ||e||? + ||€°)12

n=~P
le]° = €Te =a*"X*"Xa and |&’° =a’X*"Xa* = a*"X"X*a

The problem is therefore to minimize
Sfb — T <X>|<TX 4 XTX*) a
subject to the constraint
*T

a*lv=1 where ¢=[1 0 --- 0]*
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MODIFIED COVARIANCE METHOD (cont’d.)

Use Lagrange multiplier and complex gradient to obtain:
\ {a*T (X*TX + XTX*> a+ A(1—a*") +2"(1 - LTa)}
= (XX +X"X*)a— A =0
Multiply by a*’ and observe:
a*’ <X*TX -+ XTX*) a-\a*ly,=0 — A=g/t

N B Y
A
Substitute A = S/b in the top equation to find:
- b
(X*TX 4 X7X*) a = { ‘g ]
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BURG'S METHOD

e Estimates parameters in the lattice form of the filter:

_ 2%l 4[n—1]
Y (lep-1[n]2 + [eh_1[n —1]]?)

Tp

e Minimizes the sum of foward and backward squared errors.
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DERIVATION OF BURG’'S METHOD

This method applies the lattice form of the PEF to the data to
write:

[ ep[p] 1 [ ep-1lp] ] g 1[10— 1]
€p = fp[p +1] | _ Eep—l[p +1] | il
| ep[Ns—1] | | p—1[Ns — 1] _ eg_l[Ns — 2]
and
ol ] [gal-1 ] Toap
b | g+ | _ | el | ol 1
b : : P
eb[Ns — 1] _eg_ljzvs—z]_ | ep—1[Ns — 1] |
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BURG’'S METHOD (cont’d.)

Note the structure of these equations:

€p P]

ep[p + 1]

bl ][4l
.Gp—l_P"' ]-] —’7; 6p—l -p]
L ep—l:{\rfs — 1] ] _ 62—1 Ng — 2] _
7 — ‘
ep—l ep_l
g1 | -
g—l €10—1[79]
Sl || gl
62_1[]\[3 — 2] R ep—].[NS _ 1] 4
I _ 1 fv
eg_l ep—l
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BURG’'S METHOD (cont’d.)

Choose vp to minimize:

b 2 b2
S! lepl® + €2

pm— *T XxT b
o (e£ 1 pr p 1) (ep 1 ’Vp p 1)‘|‘(ep 1~ ’Ypeg_l) (ep—l—Wpe£_1>

= A+ w)le) 17+ llep_1lI?) = 2v;(e) )7"eh_y — 2vp(eh_1) e

The minimization condition (using the complex gradient) is

b 2 b 2 *7 b
Vo, Sit = w(lle] 117+ lleh-111?) — 2(e] ) 7e)y =
or
2(e£_1)*Teg_1

led_1 112+ leb_ |2

Tp —
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BURG'S METHOD SUMMARY

INITIALIZATION
X ] el " x[0] ‘
—— | _ _ | X[1]
eé X | X[Ns — 1] |
RECURSION
2(e£_1)*Te]b9_1
’y pr—
P el 12+lleb_y 12
X eg
o — b . b
— eg_l — Yp€p_1; | =epg— fype]]:_l
el X

9-45



BURG'S METHOD IN MATLAB

MAIN LOOP

L=length(ef) ;

for p=1:P;

end;

gamma (p)
if p <P
tmpl
tmp2
ef =
eb =
end;
L=L-1;

= (2%ef’*eb)/(ef’*xef + eb’x*eb)

= ef - conj(gamma(p))*eb;
= eb - gamma(p)*ef;
tmpl(2:L);

tmp2(1:L-1);
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AR ORDER SELECTION

THEORETICAL CRITERIA

AIC

CAT

FPE

MDL

P = argmin N In agp 4 2opP

1 KON, — _
P =argmin | — Y = 2p _Ns =P
Nszl NSO-gp

P = argmin o2, <]]\\7f+£+11>
P =

P = argmin NgIn agp 4+ PIn Ng
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AR ORDER SELECTION (cont’d.)

EFFECTIVE RANK METHOD FOR DATA MATRICES

1. Choose X with column dimension larger than the suspected
order and perform the SVD.

2. If r isthe rank of X find »’ such that the singular values
satisfy (approximately)

1
of+o5+- 407 2N1
J%—I—ag—l—---—l—ag

3. Choose P to be one less than the effective rank, P =+'—1.
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